The correlation between solar and geomagnetic activity – Part 3: An integral response model by Z. L. Du
Ann. Geophys., 29, 1005–1018, 2011
www.ann-geophys.net/29/1005/2011/
doi:10.5194/angeo-29-1005-2011
© Author(s) 2011. CC Attribution 3.0 License.
Annales
Geophysicae
The correlation between solar and geomagnetic activity – Part 3:
An integral response model
Z. L. Du
Key Laboratory of Solar Activity, National Astronomical Observatories, Chinese Academy of Sciences, Beijing 100012,
China
Received: 25 January 2011 – Revised: 29 May 2011 – Accepted: 1 June 2011 – Published: 15 June 2011
Abstract. An integral response model is proposed to de-
scribe the relationship between geomagnetic activity (aa in-
dex) and solar activity (represented by sunspot number Rz):
The aa at a given time t is the integral of Rz at past times
(t0 ≤t) multiplied by an exponential decay factor of the time
differences(e−(t−t0)/τ), whereτ isthedecaytimescale(∼40
months). The correlation coefﬁcient of aa with the recon-
structed series based on this model (rf =0.85) is much higher
than that of aa with Rz (r0 =0.61). If this model is applied
to each solar cycle, the correlation coefﬁcient will be higher
(rf =0.95). This model can naturally explain some phenom-
ena related to aa and Rz, such as (i) the signiﬁcant increase
in the aa index (and its baseline) over the twentieth century;
(ii) the longer lag times of aa to Rz at solar cycle maxima
than at minima; and (iii) the variations in the correlations re-
lated to solar and Hale cycles. These results demonstrate that
aa depends not only on the present Rz but also on past val-
ues. The proﬁle of aa can be better predicted from Rz by this
model than by point-point correspondence.
Keywords. Solar physics, astrophysics, and astronomy
(General or miscellaneous)
1 Introduction
Studying the relationship between solar and geomagnetic ac-
tivity is useful for understanding the origin and formation
of the latter. The geomagnetic activity index aa, calculated
from the 3-hourly K indices measured at two near-antipodal
midlatitude stations (Mayaud, 1972), has been used for an-
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alyzing long-term trends in the global geomagnetic activity
andinitscorrelationwithsolaractivity(Schattenetal.,1978;
Feynman, 1982; Legrand and Simon, 1989; Nevanlinna and
Kataja, 1993; Schatten and Pesnell, 1993; Russell and Mulli-
gan,1995;Mursulaetal.,2004;Prestesetal.,2006;Cameron
and Sch¨ ussler, 2007; Du et al., 2009; Lukianova et al., 2009;
Du and Wang, 2011). It has an 11-year variation similar to
that of the solar activity, as described by the Zurich rela-
tive sunspot number (Rz). In the twentieth century, there has
been a signiﬁcant increase in the aa index (and its baseline),
the reason for which, however, is unknown (Feynman and
Crooker, 1978; Clilverd et al., 1998; Demetrescu and Do-
brica, 2008; Lukianova et al., 2009).
The solar activity has long been recognized to be at the
origin of the geomagnetic activity (Snyder et al., 1963; Rus-
sell and McPherron, 1973; Garrett et al., 1974; Feynman,
1980; Legrand and Simon, 1981). The geomagnetic activity
is the result of variable current systems formed in the mag-
netosphere and ionosphere as a consequence of the interac-
tion of the solar wind with the magnetosphere (Gonzalez and
Tsurutani, 1987; Gonzalez et al., 1989, 1994; Demetrescu
and Dobrica, 2008). The geomagnetic activity has been
found to be well correlated with the solar wind speed (v),
thesouthwardcomponent(Bz)oftheinterplanetarymagnetic
ﬁeld (IMF) and the product Bzv2 (Snyder et al., 1963; Rus-
sell and McPherron, 1973; Garrett et al., 1974; Crooker et
al., 1977; Svalgaard, 1977; Feynman, 1980; Tsurutani et al.,
1988; Wang and Sheeley, 2009).
Different solar and geomagnetic activities tend to peak at
different times relative to the peak of each sunspot cycle. For
example, the upper chromospheric activity indices (Bach-
mann and White, 1994) and the solar ﬂares (Wheatland and
Litvinenko, 2001; Temmer et al., 2003) tend to lag behind the
sunspot number by one to several months, depending on the
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index, whichwasinterpretedintermsofactiveregionsevolv-
ing from the photosphere upward. The solar transient activ-
ity (e.g., solar ﬂares) dominates the rising phase (Borello-
Filisetti et al., 1992), while recurrent geomagnetic activity
is more frequent during the declining phase or at the min-
imum of solar cycle (Legrand and Simon, 1989; Sargent,
1985; Tsurutani et al., 1995; Venkatesan et al., 1991; Echer
et al., 2004; Tsurutani et al., 2006; Richardson and Cane,
2002). During the last years of a cycle, the geomagnetic
activity results from recurrent storms, fast solar winds, and
coronal holes (Svalgaard, 1977; Legrand and Simon, 1981).
The solar magnetic ﬁeld that permeates the corona strongly
modulates these activities (Schwenn, 2006).
A determining role in the formation and dynamics of solar
activity is played by magnetic ﬁelds. Magnetic ﬁelds ﬁll the
solar atmosphere – from underlying the solar surface to the
outer atmosphere, the solar corona – and have been linked
with changes in total cloud cover over the Earth, which may
inﬂuence global climate (Lockwood et al., 1999). Sunspots
represent one of the most obvious manifestations of local
magnetic ﬁelds on the Sun, the main sites of solar-activity
phenomena (Moradi et al., 2010), and have been considered
as a measure for the energy supply to the corona (Temmer et
al., 2003). The magnetic ﬁeld and its topology in the corona
are closely related to the magnetic ﬁeld on the solar photo-
sphere (Sakurai, 1981; Yan and Li, 2006), and can be ana-
lyzed by potential or non-potential ﬁeld extrapolation from
the photospheric ﬁeld (Sakurai, 1981; Tu and Marsch, 1995;
Yan and Li, 2006). Coronal holes are the origins of high-
speed solar wind streams (Parker, 1963; Gosling and Pizzo,
1999; Tsurutani et al., 1995, 2006; Gonzalez et al., 2004).
Therefore, it is natural that there are direct or indirect con-
nections between the aa geomagnetic index and the sunspot
number Rz.
How does the solar activity affect the geomagnetic activ-
ity, linearly or nonlinearly? In what manner? Although it has
been well known that the solar activity is the main source
of geomagnetic activity, there are no accurate expressions to
clearly describe the relationship between them. It has been
established that the magnetosphere has a signiﬁcant linear re-
sponse to the solar wind drivers. In the declining phase of a
solar cycle, however, the dynamics of the magnetosphere ex-
hibit a nonlinear behavior (Johnson and Wing, 2005). The
increasing occurrence of high-speed solar wind streams dur-
ing the declining phase of the cycle, whose reason needs to
be explained, has been used to explain the decreasing trend
in the correlation between aa and Rz over time (Bame et
al., 1976; Borello-Filisetti et al., 1992; Mussino et al., 1994;
Tsurutani et al., 1995; Kishcha et al., 1999).
What is the reason for the signiﬁcant increase in the aa in-
dex (and its baseline) over the twentieth century? Why does
the aa index tends to lag behind Rz about 2–3 years around a
solar cycle maximum (Wang et al., 2000; Echer et al., 2004),
while around a cycle minimum the lag time is small, at about
1 year (Wilson, 1990; Wang and Sheeley, 2009)? Why is the
aa index strongly correlated with Rz at the rising phase of
a solar cycle, while the correlation at the declining phase is
weak and decreases with time (Borello-Filisetti et al., 1992;
Mussino et al., 1994; Kishcha et al., 1999; Echer et al., 2004;
Du, 2011b)?
Conventionally, the relationship between aa and Rz has
been analyzed by point-point correspondence. However,
some of the above questions are hardly understood and the
correlation between them is unsatisfactory whether consider-
ing the time delay of aa to Rz or not. This paper investigates
the systematic relationship between aa and Rz by an integral
response model of aa to Rz. In this model, the output (aa)
depends not only on the present input (Rz) but also on past
values. Using this model, the above questions (Du, 2011b)
can be naturally explained. Section 2 shows the results for all
data since the onset of Cycle 12 followed by explanations for
the above questions in Sect. 3. Section 4 shows the results
when this model is applied to each cycle of 12 through 23.
Our conclusions are discussed and summarized in Sect. 5.
2 Results
The data used in this study are the time series of monthly
mean aa geomagnetic index, representing the geomagnetic
activity (Mayaud, 1972), of the reliable values since 18681
together with the monthly mean sunspot number (Rz)2, rep-
resenting the solar activity. To ﬁlter out high frequency vari-
ations, the data have been smoothed with a 24-month Gaus-
sian ﬁlter. The relative weights are given by
W(1t)=exp[−21t2/b2]−exp[−2](3−21t2/b2), (1)
where 1t is the number of months from the center and b
(=24 months) is the full width at half maximum (Hathaway
et al., 2002). For comparison with the results of individual
cycles, we employ the data from the onset of Cycle 12 (Au-
gust 1878) to the end of Cycle 23 (August 2008), as shown in
Fig. 1: aa−5 (solid line, shifted downward by 5 for clarity)
and Rz (dashed) to the right of the vertical dash-dotted line.
The correlation coefﬁcient between aa and Rz is r0 =0.61 –
about only one-third (r2
0 =37.2%) of the variation in aa can
be explained by a linear correlation.
2.1 The integral response model of aa to Rz
Generally, the output O(t) of a system will depend not only
on the present input I(t), but also on past values. Approx-
imately, O(t) is a weighted sum of the previous values of
I(t0), with the weights given by a response function h(t−t0),
O(t)=
Z t
−∞
I(t0)h(t −t0)dt0. (2)
1ftp://ftp.ngdc.noaa.gov/STP/SOLAR DATA/RELATED-
INDICES/AA INDEX/
2http://www.ngdc.noaa.gov/stp/SOLAR/ftpsunspot-number.
html
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Fig. 1. Monthly mean aa−5 (solid) and Rz (dashed) smoothed
with a 24-month Gaussian ﬁlter. The dotted line shows the recon-
structed aa series (aaf) from August 1878 through August 2008
(Cycles 12–23) by Model (7). The correlation coefﬁcients of aa
with Rz and aaf are r0 =0.61 and rf =0.85, respectively.
In this study, the output is aa and the input is Rz. Now, we
determine the explicit expression of Eq. (2). Suppose that
at time t =t0 there is an input from solar activity, which is
approximately represented by Rz(t0), and that this input gen-
erates an output of geomagnetic activity linearly correlated
with Rz(t0),
aa0(t0)=D(Rz(t0)+R0), (3)
where D and R0 are constants, the prime on aa represents
the part of aa that is generated by Rz(t0).
This activity then undergoes a decay process according to
time t (due to variable current systems etc),
−1aa0 ∝aa01t, or
∂aa0
∂t
=−
1
τ
aa0, (4)
where τ indicates the decay time scale. Its solution is
aa0(t)=e−(t−t0)/τaa0(t0), (5)
where aa0(t0) is the integral constant at t =t0, which has been
already assumed to be a linear function of Rz(t0) at the initial
time t =t0 (Eq. 3). So that,
aa0(t)=D(Rz(t0)+R0)e−(t−t0)/τ. (6)
This equation means that a solar activity (Rz(t0)) at time t0
will generate a series of geomagnetic activities (aa0(t)) in the
subsequent times (t >t0) according to an exponential decay
factor (e−(t−t0)/τ). In other words, the geomagnetic activity
at time t is generated by all the solar activities before time t,
i.e., the summation of Eq. (6),
aa(t) =
P
aa0(t)+aa0
= D
R t
t0=−∞[Rz(t0)+R0]e−(t−t0)/τdt0+aa0
= D
Pt
t0=t0[Rz(t0)+R0]e−(t−t0)/τ +aa0.
(7)
In this expression, the input is the solar activity (I(t0) ∝
Rz(t0)), the output is the geomagnetic activity (O(t) ∝
aa(t)), and the response function h(t −t0)∝e−(t−t0)/τ. The
summation is taken over from the starting time (t0) of the
series to time t.
The meanings of the parameters are as follows: (i) D
is called “Dynamic response factor”, representing the ini-
tial generation efﬁciency of geomagnetic activity ∂aai/∂Rz;
(ii) τ is called “response time scale” of aa to Rz, represent-
ing that a solar activity may generate a series of geomagnetic
activities in the subsequent time period of about τ (months);
(iii) aa0 is a constant, representing the geomagnetic activity
generated by earlier solar activities (see Sects. 3.1 and 4.2),
and (iv) R0 represents that some weak solar activities (mag-
netic ﬁelds), which should be but have not been seen in the
form of sunspots (the sunspots or dark pores are too small to
be seen), may also generate geomagnetic activities. Penn and
Livingston (2006) pointed out that the magnetic ﬁeld has a
threshold of 1500 Gauss, below which no dark pores formed,
which represents a real physical limit for the formation of
a dark spot (either a pore or a sunspot) on the solar photo-
sphere. Weak magnetic ﬁelds may be insufﬁcient to form
sunspots, but can generate geomagnetic activities. The value
of R0 just reﬂects the effect of these weak ﬁelds.
2.2 Four-parameter model
Firstly, we use model (7) to ﬁt the aa series from the onset of
Cycle 12 through the end of Cycle 23. The four parameters
by a least-squares-ﬁt are

  
  
D = 0.00438±0.00004,
τ = 39.2±0.4 (month),
aa0 = 9.4±0.2,
R0 = 3.3±1.6,
(8)
where ± represents the standard deviation.
UsingtheseparametersandModel(7), theaa seriescanbe
reconstructed, as shown in Fig. 1 (aaf, dotted line). It is seen
that aaf well reﬂects the proﬁle of aa, the time delay of aa to
Rz, andtheincreaseinaa orthebaseline(theaa minimumof
geomagnetic cycle, or simply the aa minimum, aamin) over
the twentieth century. The standard deviation of the recon-
struction is σ =2.9. The correlation coefﬁcient between aa
and the reconstructed series (aaf) is rf =0.85, much higher
than the original value (r0 =0.61) between aa and Rz. This
means that about two-thirds (r2
f = 72.3%) of the variation
in aa can be explained by Model (7), much higher than that
(r2
0 =37.2%) for a linear correlation.
One may argue that, if considering the time delay of aa
to Rz, the correlation between aa and Rz will also be im-
proved. To show this, we calculate the (linear) correlation
function (r) between Rz and aa of the lag L=−200,−199,
..., 200, as shown in Fig. 2a. It is seen that r varies with a
periodicity of about 129 months, which represents the (∼11-
year) Schwabe cycle in both Rz and aa. The maximum value
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Fig. 2. (a) Correlation function between Rz and aa of the lag L=
−200,−199, ..., 200 (months). (b) aa−10 (solid), Rz (dashed),
and the reconstructed series aal (dotted) from a linear ﬁt of aa to
the Rz ﬁfteen months earlier (9).
is rm =0.71 at a lag of Lm =15 (months). The best-ﬁt equa-
tion of aa(t) against Rz(t −15) is given by
aa(t)=14.5±0.2+(0.0937±0.0022)Rz(t −15). (9)
The standard deviation of the regression equation is σ =3.6.
Figure 2b shows aa−10 (solid, shifted downward by 10 for
clarity), Rz (dashed), and the reconstructed series aal (dot-
ted) from this linear relationship (Eq. 9). Even if consider-
ing the lag time (Lm) of aa to Rz, the correlation coefﬁcient
(0.71) between aa and aal is still lower than that (rf =0.85)
from Model (7) in Fig. 1. In addition, although aal can ap-
proximately indicate the aa maxima (aamax), while the re-
constructed aa minima from aal almost keep a constant level
(from 15.0 to 14.8 in the range of [14.8, 16.0] with a rising
factor of 14.8/15.0∼1.0) due to the small values of the solar
minima (Rmin) and thus can not reﬂect the increasing trend
in the baseline (aamin) of aa. Therefore, to describe the re-
lationship between aa and Rz, model (7) is more appropriate
than a simple linear function.
2.3 Three-parameter model
When using Model (7) to ﬁt the aa time series in the above
section, the R0 value is small (3.3). Therefore, we neglect R0
and use the following three-parameter expression to reﬁt the
aa series for Cycles 12–23,
aa(t) = D
R t
t0=−∞Rz(t0)e−(t−t0)/τdt0+aa0
= D
Pt
t0=t0Rz(t0)e−(t−t0)/τ +aa0.
(10)
Fig. 3. Similar to Fig. 1 but using three-parameter Model (10). The
correlation coefﬁcient of aa with the reconstructed series aaf is also
rf =0.85.
The reconstructed aa series (aaf, dotted) is shown in Fig. 3.
The three parameters based on this model,



D = 0.00435±0.00004,
τ = 40.0±0.4 (month),
aa0 = 9.9±0.1,
(11)
havenosigniﬁcantchangescomparedwiththoseforthefour-
parameter Model (8). The standard deviation of the recon-
struction keeps the same level, σ = 2.9. As the R0 value
in Eq. (8) is very small (3.3) and the correlation coefﬁcient
between aa and the reconstructed series aaf in this case
(rf = 0.85) is equal to that in the case for four-parameter
model in Fig. 1, the effect of three-parameter Model (10) is
equivalent to that of four-parameter Model (7). Therefore,
we will use the three-parameter Model (10) in the following
sections.
3 Explanations for some correlations of aa with Rz
It is seen in Fig. 3 that the reconstructed series (aaf) gen-
erally reﬂects the proﬁle of aa, the time delay of aa to Rz,
and the increase in aa over the twentieth century. Therefore,
Model (10) well represents the response of geomagnetic to
solar activity, and can naturally explain in part the relation-
ship between aa and Rz.
For convenience, Table 1 lists the maximum amplitude of
sunspot cycle (Rmax), the preceding aa minimum (aamin),
the aa maximum of geomagnetic cycle (aamax), the lag times
of aa to Rz at solar minimum (Lmin) and at solar maxi-
mum (Lmax), and the corresponding values (aamin,f, aamax,f,
Lmin,f, Lmax,f) from the reconstructed series aaf in Fig. 3.
The last two rows in Table 1 indicate the averages of these
values and the correlation coefﬁcients of these values with
Rmax.
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Table 1. Geomagnetic minimum (aamin), maximum aa (aamax), lag times of aa to Rz at minimum (Lmin) and at maximum (Lmax) for
Cycles n=12–23, and the corresponding values (aamin,f, aamax,f, Lmin,f, Lmax,f) from the reconstructed series (10). The last two rows
show the averages of these values and the correlation coefﬁcients (r) of these values with the maximum amplitude (Rmax) of sunspot cycle.
Observed Fitted
n Rmax aamin aamax Lmin Lmax aamin,f aamax,f Lmin,f Lmax,f
12 64.7 7.3 20.0 3 −14 7.3 18.0 0 19
13 81.4 12.3 20.6 6 −15 13.4 19.8 16 23
14 59.6 6.2 17.3 0 47 13.1 18.0 18 31
15 88.6 9.1 21.8 3 13 13.0 20.2 19 20
16 71.6 10.5 23.3 11 27 14.8 19.7 18 21
17 108.2 14.4 23.7 11 33 14.3 23.1 17 26
18 141.7 18.6 28.4 13 43 16.7 27.5 16 24
19 188.0 18.3 30.1 9 24 18.1 32.5 15 23
20 106.6 15.1 27.6 9 62 18.4 24.6 19 22
21 151.8 20.4 31.1 48 30 16.7 29.0 15 26
22 149.2 19.8 30.6 12 20 19.0 29.1 19 25
23 112.8 17.7 30.7 11 31 17.7 25.1 19 23
x 110.4 14.1 25.4 11 25 15.2 23.9 16 24
r 1.00 0.89 0.86 0.50 0.21 0.73 0.99 0.23 0.08
3.1 The increase in aa over the twentieth century
It is well known that, in the twentieth century, there has
been a signiﬁcant increase in the aa index (and its baseline),
the reason for which, however, is unknown (Feynman and
Crooker, 1978; Clilverd et al., 1998; Demetrescu and Do-
brica, 2008; Lukianova et al., 2009).
Figure 4a shows the values of aamin (solid), aamin,f (dot-
ted) and Rmax (dashed). It is clearly seen that aamin,f is well
correlated with aamin (r =0.82) and well reﬂects the increas-
ing trend in aamin (with rising factors of 17.7/7.4 vs. 17.7/7.3
∼ 2.4). Both values (aamin, aamin,f) are well correlated with
Rmax (r =0.89, 0.73).
Figure 4b shows the values of aamax (solid), aamax,f (dot-
ted) and Rmax (dashed). It can also be seen that aamax,f is
highly correlated with aamax (r =0.91) and well reﬂects the
increasing trend in aamax (with rising factors of 25.1/18.0∼
1.4 vs. 30.7/20.0∼1.5). The correlation coefﬁcients of these
two values (aamax, aamax,f) with Rmax are also very high
(r =0.86, 0.99).
In Model (10), the aa index is viewed as the total contri-
butions from all the solar activities (Rz) at the present and in
the past times. Therefore, the increasing trends in aa, aamax
and aamin (baseline) are caused by the increasing trend in Rz
(Fig. 3). This conﬁrms the suggestions that the change in aa
is caused by an increase in solar magnetic activity over the
last century (Lockwood et al., 1999), and that the increasing
trend in magnetic storm is most likely caused by solar ac-
tivity (Clilverd et al., 1998). As the value of aamin and its
increasing trend can be well reconstructed by Model (10) to-
Fig. 4. The observed (a) geomagnetic minimum (aamin), (b) maxi-
mum aa (aamax), (c) lag times of aa to Rz at solar minimum (Lmin)
and (d) at maximum (Lmax) for Cycles n = 12–23 are shown by
solid lines, and the corresponding values (aamin,f, aamax,f, Lmin,f,
Lmax,f) from the reconstructed series (Eq. 10) are shown by dotted
lines. The dashed lines in (a) and (b) show the maximum amplitude
(Rmax) of sunspot cycle for comparison. The correlation coefﬁ-
cients of aamin with aamin,f and Rmax are r =0.82 and 0.89, re-
spectively. The correlation coefﬁcients of aamax with aamax,f and
Rmax are r =0.91 and 0.86, respectively.
gether with the increasing trend in Rz, aamin represents the
geomagnetic activity generated by earlier solar activities.
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3.2 The longer lag times of aa to Rz at solar maxima
than at minima
The aa index tends to lag behind Rz about 2–3 years around
a solar maximum (Wang et al., 2000; Echer et al., 2004), and
about 1 year around a solar minimum (Legrand and Simon,
1981; Wilson, 1990; Wang and Sheeley, 2009).
The lag times of Lmin (solid) and Lmin,f (dotted) are shown
in Fig. 4c, and those of Lmax (solid) and Lmax,f (dotted) are
shown in Fig. 4d. It is seen that the average lag time at solar
minima from the reconstructed series (Lmin,f =16) is near to
the observed one (Lmin =11), and that the average lag time at
solar maxima from the reconstructed series (Lmax,f =24) is
closetotheobservedone(Lmax =25). Inaddition, therecon-
structed series can also indicate the smaller average lag time
at solar minima than at solar maxima (16<24 vs. 11<25).
The weak correlations between the ﬁtted values (Lmin,f or
Lmax,f) and the observed values (Lmin or Lmax) reﬂect the
fact that aa has several solar sources (solar ﬂares, coronal
mass ejections and solar winds etc.), and that these sources
peak at different times relative to Rz for each cycle and gen-
erate the geomagnetic activities with different lag times (see
Discussions).
At a solar maximum, a part of aa is contributed from the
solar activities (Rz) during the rising phase of the current
cycle, which are weaker than the maximum value (Rmax).
These smaller values of Rz lead the aa index not to reach
its maximum at the same time of Rmax. After the timing of
Rmax, apartofaa iscontributedfromthevaluesofRz around
the maximum (Rmax), which make the aa index larger than
that it should have been. So the aa index reaches its maxi-
mum at a time later than the timing of Rmax.
At a solar minimum, a part of aa is contributed from the
solar activities (Rz) during the declining phase of the preced-
ingcycle, whicharestrongerthantheminimumvalue(Rmin).
These larger values of Rz lead the aa index not to reach its
minimum at the same time of Rmin. After the timing of Rmin,
a part of aa is contributed from the values of Rz around the
minimum (Rmin), which make the aa index smaller than that
it should have been. So the aa index reaches its minimum at
a time later than the timing of Rmin.
Because the stronger the previous Rz values, the more they
contribute to the subsequent aa values, and the longer the
lag time of aa to Rz (10). The values of Rz around a solar
maximum are much larger than those around the preceding
minimum (and Rz changes more slowly during the declining
phase near the minimum than near the maximum). There-
fore, the lag times of aa to Rz near solar maxima (about
two years) are longer than those near solar minima (about
one year). While the linear relationship between aa and Rz
(Fig. 2) can not indicate the longer lag times of aa to Rz at
solar maxima and the shorter lag times at solar minima. The
sharp increase in lag time in cycle 14 (Fig. 4d) is mainly due
to the higher maxima in Cycles 12–13 than that in Cycle 14.
3.3 The stronger correlations between aa and Rz at ris-
ing phases than at declining phases
According to Model (10), aa(t) at time t comes from the
total contributions of Rz(t −1t) at various 1t with a decay
factorofe−1t/τ. ThelongerthetimeintervalofRz preceding
aa, the less its contribution.
During the rising phase of a solar cycle, the aa value is
contributed from two parts of Rz: one is that during the same
risingphase, andanotheristhatduringthepreviousdeclining
phase (for simplicity, we neglect the less contributions from
the even earlier data). The former varies approximately lin-
early with time in an ascending way and has a linear response
to aa that makes the correlation of aa with Rz positive. The
latter has a longer time delay 1t and so contributes less to
aa than the former. Thus, the correlation between aa and Rz
at the rising phase of a solar cycle is strong (Du, 2011b).
During the declining phase of a solar cycle, there are also
two parts of Rz that contribute to aa: one is that during the
same declining phase, and another is that during the preced-
ing rising phase. The former varies approximately linearly
with time in a descending way and has a roughly linear re-
sponse to aa that makes the correlation of aa with Rz posi-
tive. However, the latter varies with time in an opposite as-
cending way which contributes a negative correlation. Be-
cause the values of Rz around a solar maximum are much
larger than those around a solar minimum, the contribution of
the negative correlation around the solar maximum is larger
than that around the solar minimum. Thus, the correlation
between aa and Rz at the declining phase of a solar cycle is
weak (Du, 2011b).
3.4 The decreasing trend in the correlation between aa
and Rz
The decreasing trend in the correlation between aa and Rz
over time is due to the increasing trend in Rz (solar mag-
netic activity) over the last century (Fig. 3). The values of Rz
around solar minima have no signiﬁcant changes from Cy-
cles 12 to 23, so there are no signiﬁcant variations in the cor-
relations at rising phases according to Eq. (10) and Sect. 3.3.
However, the increasing trend in the values of Rz around so-
lar maxima (Rmax in Fig. 4b) contributes increasing negative
correlations of aa with Rz at the following declining phases.
This leads to a descending trend in the correlations at declin-
ing phases, which ﬁnally makes the correlation of aa with
Rz decease for each cycle or for a given time window (Du,
2011b).
3.5 The increasing trend in the lag time of aa to Rz
The increasing trend in the lag time of aa to Rz is also due to
the increasing trend in Rz over the last century. The larger the
values of Rz around solar maxima, the more their effects on
the aa values during the declining phases, and the longer the
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Fig. 5. Results for Cycle 16 (from April 1923 to July 1933), aa
(solid), Rz (dashed), and the reconstructed series aaf (dotted) from
Model (10). The correlation coefﬁcients of aa with Rz and aaf are
r0 =0.32 and rf =0.93, respectively. The peak sizes/time intervals
(in months) of these peaks from the minimum are also labelled.
lag time of aa to Rz. So, the increasing trend in Rz around
solar maxima produces an increasing trend in the lag time of
aa to Rz during the declining phases (besides the decreasing
correlation of aa with Rz).
3.6 The turning point of the correlation of aa with Rz
around Cycle 19
The Rz values show a roughly increasing trend from Cy-
cles 12 to 19 and a roughly declining trend since Cycle 19
(Fig. 3). This is the reasons for the decreasing trend in the
correlation between aa and Rz and the increasing lag time of
aa to Rz before Cycle 19 (Du, 2011b). These trends changed
since Cycle 19 (around 1958).
4 The results for modelling each cycle of 12–23
In this section, Model (10) is applied to each Cycle of 12–
23. Considering that the values of Rz around a solar mini-
mum are small and generate less geomagnetic activities than
during other times, and that the activities before the solar
minimum will undergo longer decay times, we take the start-
ing time in the summation of Model (10) as the timing of the
previous solar minimum (t0).
4.1 For an individual Cycle 16
Firstly, we apply Model (10) to an arbitrary solar Cycle 16 as
an example. Figure 5 shows the time series of aa (solid), Rz
(dashed) for Cycle 16 (from April 1923 to July 1933), and
the reconstructed series (aaf, dotted).
It is seen from Fig. 5 that the reconstructed series (aaf)
well reﬂects the proﬁle of aa and the time delay of aamax
Table 2. Fitted parameters of D, τ and aa0, and the correlation
coefﬁcients of aa with Rz (r0) and aaf (rf) for Cycles n=12–23.
n t0 103D τ aa0 r0 rf
12 Jul 1878 7.10 24.0 9.4 0.56 0.83
13 May 1889 76.26 1.3 9.9 0.90 0.90
14 Aug 1901 6.62 27.6 8.0 0.55 0.92
15 Nov 1912 10.59 12.8 10.8 0.84 0.96
16 Apr 1923 4.96 40.3 11.1 0.32 0.93
17 Jul 1933 2.67 58.0 14.6 0.30 0.99
18 Dec 1943 1.20 53.2 19.9 0.17 0.70
19 Jan 1954 6.89 10.1 17.6 0.88 0.98
20 Sep 1964 1.02 137.0 16.6 −0.18 0.83
21 Feb 1976 1.35 58.5 20.6 −0.00 0.71
22 Jan 1986 5.17 15.3 19.5 0.76 0.96
23 Apr 1996 6.82 17.2 15.1 0.65 0.84
x 10.88 37.9 14.4 0.48 0.88
(23.3) to Rmax (71.6): 79−55 = 24 vs. 82−55 = 27. The
three parameters in Model (10) for Cycle 16 are D =4.96×
10−3, τ =40.3 (months) and aa0 =11.1. The correlation co-
efﬁcient of aa with aaf (rf =0.93) is much higher than that
(r0 =0.32) of aa with Rz. Besides, these results are not sen-
sitive to the accurate deﬁnition of the timings of solar minima
– the results remain nearly the same even if the starting time
(t0) shifts a few months forward or backward.
4.2 The ﬁtted parameters for Cycles 12–23
For each Cycle of n=12–16, we use Model (10) to ﬁt the
aa index as done in the previous section. The results for all
individual Cycles of n = 12–16 are shown in Fig. 10. The
three parameters are listed in Table 2 and shown in Fig. 6.
It should be noted in Fig. 6a that the parameters D (solid)
and τ (dotted) tend to vary in an opposite trend: D increases
while τ decreases, and vice versa. The correlation coefﬁcient
between them is r =−0.41 (or −0.87 if not considering the
two outliers of Cycles 13 and 20). It represents the fact that
the faster the energy transfer from solar activity to geomag-
netic activity (via solar winds, for example) in a solar cycle,
the less time the energy transfer needs. The average D and
τ are D =10.88×10−3 and τ =37.9 (months), respectively,
implying that a solar activity will affects the geomagnetic
activity in the subsequent time period of about 38 months
(3 years) on average.
The values of aa0 (Fig. 6b, shifted downward by 5 for clar-
ity) are all positive, almost all larger than the basis value (9.9)
in Fig. 3, and, most importantly, vary in an increasing trend.
InFig.6barealsoplottedthemaximumamplitudeofsunspot
cycle (Rmax, dashed) and the preceding aa minimum (aamin,
dotted). It should be noted that aa0 is highly correlated with
both aamin (r =0.95) and Rmax (r =0.89). The average aa0
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Fig. 6. Parameters for Cycles n=12–23: (a) for D (solid) and τ
(dotted); (b) for aa0−5 (solid), aamin (dotted), and Rmax (dashed).
(c) The correlation coefﬁcient of aa with Rz (r0, solid) and that of
aa with aaf (rf, dotted). The correlations of D with τ, aa0, and r0
are r =−0.41, −0.40, and 0.48, respectively. The correlations of
aa0 with aamin and Rmax are r =0.95 and 0.89, respectively.
(aa0 = 14.4) is close to the average aamin (aamin = 14.1).
The value of aa0 well reﬂects the level of and variation in
aamin. These facts imply that, besides the Rz values in the
current cycle, the Rz values in the previous cycles also gener-
ate geomagnetic activities in the current cycle, and that aa0,
like aamin, is generated by the earlier Rz values.
Figure 6c shows the correlation coefﬁcient of aa with Rz
(r0, solid) and that of aa with aaf (rf, dotted) for each Cy-
cle of n = 12–16 (Table 1). The average rf (rf = 0.88) is
much higher than the average r0 (r0 = 0.48). Therefore,
Model (10) reﬂects the relationship between solar and geo-
magnetic activities in a more reliable way than using a simple
linear function.
The correlation coefﬁcients of r0 with D and τ are r =
0.48(or0.85if notconsidering Cycles13and20)and−0.91,
respectively. Therefore, D reﬂects the linear correlation and
τ reﬂects the nonlinear correlation of aa with Rz. Besides,
τ is well correlated with Lmax (0.70), and thus τ is related to
the time delay of aamax to Rmax.
4.3 The reconstructed aa series for Cycles 12–23
Combing the results of Cycles 12–23 in the above section,
the aa series from Cycles 12 through 23 can be reconstructed
(aaf), as shown in Fig. 7 (dotted line).
The standard deviation of the reconstruction is σ = 1.8.
The correlation coefﬁcient of aa (solid, shifted downward
by 5 for clarity) with aaf (rf =0.95) is higher than the previ-
ous value (0.85 in Fig. 1), and much higher than that of aa
with Rz(r0 = 0.61). This means that about r2
f = 90.3% of
the variation in aa can be explained by Model (10).
Fig. 7. Time series of aa−5 (solid) and Rz (dashed) since January
1870. The dotted line shows the reconstructed aa series (aaf) from
each Cycle of 12–23 by Model (10). The correlation coefﬁcients of
aa with Rz and aaf are r0 =0.61 and rf =0.95, respectively.
4.4 Correlations for even- and odd-numbered cycles
An even-numbered cycle is preferentially paired with the
following odd-numbered one (Wilson, 1988), constituting a
Hale cycle of even-odd cycle pairs: an odd-numbered cycle
tends to be stronger than the previous even-numbered one,
the so-called G–O rule (Gnevyshev and Ohl, 1948; Wilson,
1988). This rule is also applicable to parameter D: an odd-
numbered cycle tends to have a larger D than the previous
even-numbered one (Table 2), with only one exception of the
E-O pair of Cycles 16–17. A similar rule is also applicable to
parameter τ: an odd-numbered cycle tends to have a shorter
τ than the previous even-numbered one (Table 2), with only
two exceptions of the E-O pairs of 16–17 and 22–23.
The solar maximum (Rmax) is positively correlated with τ
of the previous cycle (r =0.68, or 0.82 if not considering Cy-
cle 20), and reversely correlated with D of the previous cycle
(r =−0.57, or−0.93ifnotconsideringCycle13). Thesecan
explain the following phenomena.
As D reﬂects the linear correlation and τ reﬂects the non-
linear correlation of aa with Rz, both the larger D and the
shorter τ imply a stronger correlation (shorter lag time) for
a odd-numbered cycle than for the previous even-numbered
cycle. This is consistent with the idea of the more decays
foreven-numberedcyclesthanforodd-numberedcycles(Du,
2011a). Therefore, an odd-numbered cycle tends to have a
stronger correlation of aa with Rz and a shorter lag time
of aa to Rz than the previous even-numbered cycle (Du,
2011b). This cycle asymmetry has been noted by Stamper
et al. (1999) that the solar wind speed peaks strongly in the
declining phase of even-numbered cycles.
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Table 3. Parameters for Hale cycles (H).
H n RH 103DH τH
7 12–13 73.1 41.68 12
8 14–15 74.1 8.61 21
9 16–17 89.9 3.82 49
10 18–19 164.9 4.01 32
11 20–21 129.2 1.19 98
12 22–23 131.0 6.00 16
4.5 Correlations for Hale cycles
The above correlations can also explain the variation in the
correlation of aa with Rz for the Hale cycles. The even-odd
cycle pairs can be numbered as the Hale cycles (H) such
that H =7 for Cycles n=12-13, H =8 for n=14-15, ···,
H =12 for n=22-23. The averages of Rz, D and τ for H-
cycles are listed in Table 3 such that RH(7)= [Rmax(12)+
Rmax(13)]/2, etc.
It is seen in Table 3 that an even-numbered H-cycle tends
to be stronger than the previous odd-numbered one. Since
H = 8, an even-numbered H-cycle tends to have a larger
D and a shorter τ than the neighboring odd-numbered H-
cycle. Therefore, an even-numbered H-cycle tends to have a
stronger correlation and a shorter lag time of aa to Rz than
the neighboring odd-numbered H-cycle (Du, 2011b).
5 Discussions and conclusions
It has been known that there are two main solar sources of
geomagnetic activity (Legrand and Simon, 1981, 1989; Gon-
zalez and Tsurutani, 1987; Gonzalez et al., 2004; Venkatesan
et al., 1991; Echer et al., 2004; Tsurutani et al., 2006). One
source (coronal mass ejections or CMEs) has a frequency
of occurrence that is in phase with the sunspot cycle while
the second source (high-speed solar wind streams) is out of
phase with the sunspot cycle. Feynman (1982), through an-
alyzing the relationship between the annual aa and Rz from
1869 to 1975, decomposed aa into two equally strong peri-
odic components: one (the “short lived” R component) as-
sociated with solar ﬂares, prominence eruptions, and CMEs
which follows the solar activity cycle and a second compo-
nent (the “slowly varying” I component) associated with re-
current high speed solar wind streams which is out of phase
with the solar activity cycle (Hathaway and Wilson, 2006).
Legrand and Simon (1989) classiﬁed the geomagnetic ac-
tivity (aa index) in four classes related to solar activity:
(1) the magnetic quiet activity due to slow solar wind ﬂowing
around the magnetosphere, (2) the recurrent activity related
to high wind speed solar wind, (3) the ﬂuctuating activity re-
lated to ﬂuctuating solar wind and (4) the shock activity due
to shock events (CMEs).
A primary physical mechanism for energy transfer from
the solar wind to the magnetosphere is magnetic reconnec-
tion between the interplanetary magnetic ﬁeld (IMF) and the
Earth’s magnetic ﬁeld (Dungey, 1961; Gonzalez et al., 1994;
Tsurutani et al., 1995; Zhang et al., 2007). The intensity and
the orientation of the solar dipole is the source of the recur-
rent storms, while the size and the shape of the neutral sheet
are the sources both of the quiet days and of the ﬂuctuating
activity (Simon and Legrand, 1989). However, there are no
accurate expressions to clearly describe the relationship be-
tween the solar and geomagnetic activities.
The magnetic ﬁeld is a crucial quantity to determine the
state of the solar atmosphere and plays a key role in the for-
mation and dynamics of solar activity. Sunspots (Rz) rep-
resent one of the most obvious manifestations of local mag-
netic ﬁelds on the Sun. The solar activity affects the geomag-
netic activity in various complex processes from the Sun to
the Earth, involved in the solar – interplanetary – magneto-
spheric – ionospheric couplings (Tsurutani et al., 2006). The
aa geomagnetic index integrates all the effects on magneto-
sphere of several sources, such as solar ﬂares, CMEs, and
fast solar wind streams. The relationship between aa and Rz
is not a simple linear or nonlinear function, rather it is an
integral response function (10).
In this study, we presented a integral response model,
aa(t) = D
R t
t0=−∞Rz(t0)e−(t−t0)/τdt0 +aa0, to describe the
relationship between the output (geomagnetic activity, aa)
and the input (solar activity, Rz) of a (solar-terrestrial) sys-
tem. In this model, the output aa(t) depends not only on
the present input Rz(t), but also on past values. The output
is a weighted sum of previous values of the input (Eqs. 2,
10), and the weights are given by the response function,
h(t −t0)∝e−(t−t0)/τ. The earlier the input, the less it con-
tributes to the output. Parameter D represents the “Dynamic
response factor” of aa to Rz and reﬂects the linear correla-
tion of aa with Rz. Parameter τ represents the “response
time scale” of aa to Rz (it needs time for the energy transfer
from solar to geomagnetic activity) and reﬂects the nonlinear
correlation of aa with Rz. Parameter aa0 represents the ge-
omagnetic activity generated by earlier solar activities (Rz,
solar ﬂares, CMEs, shocks, and solar winds etc.). For each
solar cycle the aa0 value reﬂects and is well correlated with
the geomagnetic minimum (aamin).
For a linear relationship, the correlation coefﬁcient be-
tween the aa and Rz series (3) is only r0 = 0.61, implying
that only about r2
0 =37.2% of the variation in aa can be ex-
plained by a linear dependence. However, when using our
Model (10), the correlation between aa and the reconstructed
series (aaf) for the overall data (Fig. 3) is much higher (rf =
0.85) than the above value, implying that about r2
f =72.3%
of the variation in aa can be explained by Model (10). If this
model is applied to each solar cycle, the correlation will be
even higher (rf =0.95), implying that about r2
f =90.3% of
the variation in aa can be explained by Eq. (10).
www.ann-geophys.net/29/1005/2011/ Ann. Geophys., 29, 1005–1018, 20111014 Z. L. Du: Correlation of aa with Rz – Part 3: An integral response model
Fig. 8. (a) Monthly mean of integrated daily CME linear speed V −
200 (solid, shifted downward by 200 for clarity) and Rz (dashed)
smoothed with a 24-month Gaussian ﬁlter. The dotted line shows
the reconstructed series (Vf) from January 1998 to September 2008
by Model (10). The correlation coefﬁcients of V with Rz and Vf
are r0 =0.936 and rf =0.993, respectively. The lag time of V to
Rz (at maximum) is L1 =16 (months). (b) Similar results for the
relationship between aa (solid) and V (dashed). The correlation
coefﬁcients of aa with V and the reconstructed series aaf are r0 =
0.79 and rf =0.80, respectively. The lag time of aa to V is L2 =
15 (months). (c) Similar results for the relationship between aa
(solid) and Rz (dashed). The correlation coefﬁcients of aa with
Rz and the reconstructed series aaf are r0 = 0.65 and rf = 0.84,
respectively. The lag time of aa to Rz is L=31 (months). Other
numbers indicate the ﬁtted parameters (D, τ, y0) and σ.
This model can naturally explain in part the time delay of
aa to Rz and the following phenomena.
1. The signiﬁcant increase in the aa index over the twen-
tieth century (Feynman and Crooker, 1978; Clilverd et
al., 1998; Demetrescu and Dobrica, 2008; Lukianova et
al., 2009), in either the cycle-averaged level or the base-
line (Figs. 3, 4a, b and 6b).
2. The longer lag times of aa to Rz at solar maxima than at
solar minima (Legrand and Simon, 1981; Wilson, 1990;
Wangetal.,2000;Echeretal.,2004;WangandSheeley,
2009).
3. The stronger correlations between aa and Rz at rising
phases than at declining phases (Du, 2011b).
4. The decreasing trend in the correlation between aa and
Rz over time (Borello-Filisetti et al., 1992; Kishcha et
al., 1999; Du, 2011b).
5. The increasing trend in the lag time of aa to Rz over
time (Du, 2011b).
6. The turning point of the correlation of aa with Rz
around Cycle 19 (Du, 2011b).
Fig. 9. Similar to Fig. 8 but using the double-decay model (12).
(a) The correlation coefﬁcient of V (solid, shifted downward by
200 for clarity) with the reconstructed series Vf (dotted) from Rz
(dashed) by Eq. (12) is now rf = 0.997. (b) The correlation co-
efﬁcient of aa (solid, shifted downward by 3 for clarity) with the
reconstructed series aaf (dotted) from V (dashed) by Eq. (12) is
now rf =0.92. (c) The correlation coefﬁcient of aa (solid, shifted
downward by 3 for clarity) with the reconstructed series aaf (dot-
ted) from Rz (dashed) by Eq. (12) is now rf =0.91.
7. The stronger correlations (and shorter lag times) at odd-
numbered cycles than at the previous even-numbered
cycles (Du, 2011b).
8. The stronger correlations (and shorter lag times) at
even-numbered H-cycles than at the previous odd-
numbered H-cycles (Du, 2011b).
The decreasing trend in the correlation between aa and Rz
haseverbeenexplainedbytheincreasingoccurrenceofhigh-
speed solar wind streams during the declining phase of so-
lar cycle (Bame et al., 1976; Borello-Filisetti et al., 1992;
Mussino et al., 1994; Tsurutani et al., 1995; Kishcha et al.,
1999). However, during the declining phase of solar cycle,
why does the occurrence of high-speed solar wind streams
increase? In our Model (10), this trend is also due to the
increasing trend in solar magnetic activity (Rz) over the last
century (Sect. 3.1).
In this study, we used the index of sunspot number (Rz) to
estimate the level of solar (magnetic) activity and its correla-
tion with geomagnetic activity (aa). We have not speciﬁed a
special activity (e.g., solar wind) to describe the interaction
process of solar-geomagnetic activities. In fact, magnetic
ﬁelds play a determining role in the formation and dynam-
ics of solar activity. The magnetic ﬁled in solar corona (ei-
ther close or open) is closely related to that on photosphere.
Besides the sunspots, the magnetic ﬁelds may also produce
other events of solar activities, such as solar ﬂares, promi-
nence eruptions, energetic protons, CMEs and solar winds
(Legrand and Simon, 1989). Some of these events (e.g.,
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Fig. 10. Monthly mean aa−5 (solid, shifted downward by 5 for clarity) and Rz (dashed) smoothed with a 24-month Gaussian ﬁlter, and the
reconstructed aa series (aaf, dotted) by Model (10) for each cycle of n=12 to 23. In each plot are also shown the correlation coefﬁcient of
aa with Rz (r0), that of aa with aaf (rf), and the three parameters of D, τ and aa0.
solar ﬂares) are produced soon or close in time to the for-
mation of sunspots (Rz). These events affect the geomag-
netic ﬁelds (aa) in a more linear manner. Some of other
events (solar winds) are produced later than the formation
of sunspots, whose effect on aa is in a more nonlinear man-
ner. These activities may be produced in different (nonlinear)
processes more or less similar to Eq. (10), and play a role of
mid-processes from the solar magnetic activity (Rz) through
coronal magnetic activity to geomagnetic activity (aa). This
may be the reasons why solar winds are later than Rz and
occur often during declining phases, and why there are often
more peaks in the aa index. A similar process is also ap-
plicable to the relationships between aa and these activities
(solar ﬂares, CMEs and solar winds). The effects of these
processes are all integrated in Model (10).
As an example, we study the correlations of CME with so-
lar activity (Rz) and geomagnetic activity (aa). Figure 8a
shows the monthly mean of integrated daily CME linear
speed3 V (solid, shifted downward by 200 for clarity) and Rz
(dashed) smoothed with a 24-month Gaussian ﬁlter (Eq. 1).
The dotted line shows the reconstructed series (Vf) from Jan-
uary 1998 to September 2008 based on Model (10). One
can see that V lags behind Rz about L1 = 16 (months) at
the solar maximum and that the correlation coefﬁcient of V
with the reconstructed series Vf (rf = 0.993) is higher than
that (r0 =0.936) of V with Rz, meaning that about 98.6%
(87.6%) of the variation in V can be explained by this model
(linear dependence).
Figure 8b shows the relationship between aa (solid) and
V (dashed). One can also see that aa lags behind V about
L2 =15 (months) and that the correlation coefﬁcient of aa
with the reconstructed series aaf (rf =0.80) by Model (10)
is higher than that (r0 =0.79) of aa with V. Figure 8c shows
the relationship between aa (solid) and Rz (dashed). The
correlation coefﬁcient of aa with the reconstructed series aaf
3http://cdaw.gsfc.nasa.gov/CME list/
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(rf =0.84) by Model (10) is higher than that (r0 =0.65) of
aa with Rz. It should be pointed out that the lag time of aa to
Rz (L=31 months) is longer than the lag times of both V to
Rz (L1)andaa toV (L2), andequaltoL1+L2. Thisfactjust
reﬂects the energy transfer from solar activity (Rz) through a
mid-process (CME in this case) to geomagnetic activity (aa).
Similar conclusions may also hold for other solar activities
(solar ﬂares and solar winds etc) that have different lag times
relative to Rz and that generate geomagnetic activities with
different lag times relative to these activities.
As Rz and aa are only rough estimates of solar and ge-
omagnetic activities, respectively, the geomagnetic activity
(aa) is only partially predictable by the Rz index. Besides,
there are two peaks in either aa or CME-related storms, one
near the peak in Rz and another a few years later (Gonza-
lez and Tsurutani, 1987; Gonzalez et al., 1994, 2004; Tsu-
rutani et al., 2006), while there is usually only one peak in
Model (10) for a solar cycle. So this model can only de-
scribe the main proﬁle of aa and can not predict its ﬁne struc-
tures. The ﬁne structures are related to short-time variations
in the sources of aa (CMEs, solar winds and coronal holes
etc.) and solar magnetic ﬁelds (in either solar surface or so-
lar corona) as well. To improve the relationship between the
outputy(t)andinputx(t), thefollowingdouble-decaymodel
can be used,
y(t) =
R t
t0=−∞x(t0)
h
D1e−(t−t0)/τ1+D2e−(t−t0)/τ2
i
dt0+y0
=
Pt
t0=t0x(t0)
h
D1e−(t−t0)/τ1+D2e−(t−t0)/τ2
i
+y0.
(12)
The results based on Model (12) using the data of Fig. 8 are
shown in Fig. 9.
It is seen in Fig. 9a that the correlation coefﬁcient of V
(solid, shifted downward by 200 for clarity) with the recon-
structed series Vf (dotted) from Rz (dashed) by Model (12)
is now rf = 0.997, slightly higher than that (0.993) of V
with the reconstructed series based on Model (10) in Fig. 8a.
In Fig. 9b, the correlation coefﬁcient of aa (solid, shifted
downward by 3 for clarity) with the reconstructed series
aaf (dotted) from V (dashed) by Eq. (12) is now rf =0.92,
higher than that (0.80) of aa with the reconstructed series by
Model (10) in Fig. 8b. Figure 9c shows that the correlation
coefﬁcient (rf = 0.91) of aa (solid, shifted downward by 3
for clarity) with the reconstructed series aaf (dotted) from
Rz (dashed) by Eq. (12) is higher than that (0.84) of aa with
the reconstructed series by Model (10) in Fig. 8c.
The main proﬁle of aa can be well predicted from the
Rz series by Model (10). Even if using another more
complex function, such as a geometric function of aa(t)=
D
R t
t0=−∞R
γ
z (t0)e−(t−t0)/τdt0 + aa0 with an additional pa-
rameter γ, there will be no signiﬁcant improvement in the
correlation (rf increases from 0.85 to only 0.86). Therefore,
the relationship between aa and Rz is mainly due to the in-
tegral response function. The relationship can be improved
by the double-decay model (12). If considering two differ-
ent lag times of y to x in Eq. (12), the result might be fur-
ther improved. The remainder might be explained by other
activities, such as nonlinear Alfv´ en waves, cosmic rays (Na-
gashima et al., 1991), and the interaction (Corotating Inter-
action Regions or CIRs) of fast with slow solar wind streams
(SimonandLegrand,1986;RichardsonandCane,2002;Tsu-
rutani et al., 2006), etc.
The main points of this paper may be summarized as fol-
lows,
1. An integral response model is proposed to de-
scribe the relationship between the geomagnetic
index (aa) and sunspot number (Rz): aa(t) =
D
R t
t0=−∞Rz(t0)e−(t−t0)/τdt0 +aa0. Parameters D and
τ reﬂect the linear and nonlinear correlations of aa with
Rz, respectively. Parameter aa0 represents the geomag-
netic activity generated by earlier solar activities.
2. For all data from Cycles 12 through 23, the correlation
coefﬁcient of aa with the reconstructed series based on
thismodel(rf =0.85)ismuchhigherthanthelinearcor-
relation coefﬁcient (r0 =0.61) of aa with Rz.
3. If this model is applied to each solar cycle, the corre-
lation coefﬁcient of aa with the reconstructed series is
higher (rf =0.95). The aa0 values reﬂects and is well
correlated with the aa minimum of solar cycle.
4. This model can naturally explain in part some phenom-
ena related to the correlation of aa with Rz, the lag time
of aa to Rz, and their temporal variations.
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